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ABSTRACT
It is proved in [8] that there exist no totally umbilical Lagrangian sub-
manifolds in a complex-space-form JVI"(4c), n > 2, except the totally
geodesic ones. In this paper we introduce the notion of Lagrangian H-
umbilical submanifolds which are the “simplest” Lagrangian submanifolds
next to the totally geodesic ones in complex-space-forms. We show that for
each Legendre curve in a 3-sphere $3 (respectively, in a 3-dimensional anti-
de Sitter space-time H f), there associates a Lagrangian H-umbilical sub-
manifold in CP™ (respectively, in CH™) via warped products. The main
part of this paper is devoted to the classification of Lagrangian H-umbilical
submanifolds in CP™ and in CH®. Our classification theorems imply in
particular that “except some exceptional classes”, Lagrangian H-umbilical
submanifolds of CP™ and of CH™ are obtained from Legendre curves in §3
orin H :13 via warped products. This provides us an interesting interaction
of Legendre curves and Lagrangian H-umbilical submanifolds in non-flat
complex-space-forms. As an immediate by-product, our results provide us
many concrete examples of Lagrangian H-umbilical isometric immersions

of real-space-forms into non-flat complex-space-forms.

1. Introduction

Let f: M — M™ be an isometric immersion from a Riemannian n-manifold
M into a Kaehler n-manifold M™. Then M is called a Lagrangian (or totally
real in [7]) submanifold if the almost complex structure J of M™ carries each
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tangent space of M into its corresponding normal space. By a complex-space-
form M ™(4c) we mean a Kaehler manifold with constant holomorphic sectional
curvature 4c.

An n-dimensional submanifold M of a Riemannian manifold (N, g) is called
totally umbilical (respectively, totally geodesic) if its second fundamental form h
in N satisfies h(X,Y) = g(X,Y)H (respectively, h = 0), where H = L trace h
is the mean curvature vector of M in N. For a totally umbilical submanifold M
the shape operator Ay at H has exactly one eigenvalue; moreover, A¢ = 0 for
each normal vector € perpendicular to H.

Totally umbilical submanifolds, if they exist, are the simplest submanifolds
next to totally geodesic submanifolds in a Riemannian manifold. However, it is
proved in [8] that there exist no totally umbilical Lagrangian submanifolds in a
complex-space-form M ™(4¢) with n > 2 except the totally geodesic ones.

In view of above facts it is natural to look for and to investigate the “sim-
plest” Lagrangian submanifolds next to the totally geodesic ones in complex-
space-forms M "(4c). In order to do so we introduce in this paper the concept of
Lagrangian H-umbilical submanifolds. By a Lagrangian H-umbilical sub-
manifold of a Kaehler manifold M™ we mean a Lagrangian submanifold whose

second fundamental takes the following simple form:

h(ei,e1) = AJey, h(ez,e3) =---=h(en,e,) = ptey,

1.1
(LD h(ei,e;) = nJej, hlejex)=0, j#k, jk=2,...,n

for some suitable functions A and p with respect to some suitable orthonormal
local frame field. It is obvious that condition (1.1) is equivalent to

h(X; Y) =a (JX,H)(JY,H)H

(1.2)
+B8(H, H){{X,YYH+ (JX,H)JY + (JY,H) JX}
for vectors X,Y tangent to M, where (X,Y) = ¢g(X,Y) and

A=3u
a= -3

_p_At(n-1p
’ :B—'—3a -
¥ n

when H # 0. Clearly, a non-minimal Lagrangian H-umbilical submanifold
satisfies the following two conditions:

(a) JH is an eigenvector of the shape operator Ay and

(b) the restriction of Ay to (JH)?' is proportional to the identity map.
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On the other hand, because the second fundamental form of a Lagrangian
submanifold satisfies (cf. [7])

(1.3) (hW(X,Y),JZ) = (h(Y, Z),IX) = (K(Z, X), JY)

for vectors X, Y, Z tangent to M, Lagrangian H-umbilical submanifolds are the
simplest Lagrangian submanifolds satisfying both Conditions (a) and (b). In
this way we can regard Lagrangian H-umbilical submanifolds as the simplest
Lagrangian submanifolds in a complex-space-form next to the totally geodesic
ones.

It is proved in [4] that every Lagrangian submanifold M in a non-flat complex-
space-form M "(4c) satisfies the following sharp inequality:

2(n+2) n+2
(13) |H|2zn2(n_1)r—( u )c,

where 7 is the scalar curvature of M (see also [3]). It is also proved in [4] that the
equality case of (1.3) holds identically if and only if M is a special Lagrangian
H-umbilical submanifold; namely, it satisfies (1.1) with A = 3. From [3] we
also know that the class of Lagrangian H-umbilical submanifolds includes the
important class of twistor holomorphic Lagrangian surfaces in CP2.

The main purpose of this paper is to introduce and to classify Lagrangian
H-umbilical submanifolds in non-flat complex-space-forms. In order to do so,
first we observe that Legendre curves in a 3-sphere S% and in a 3-dimensional
anti-de Sitter space-time H? are given by solutions of the following second order
differential equation:

(1.4) Z"'(z) = iX(z)? (z) — c2(z),

where A(z) is a real-valued function and ¢ a nonzero constant. We then prove that
for each Legendre curve in S3 (respectively, H}) there associates a Lagrangian
H-umbilical submanifold of CP™ (respectively, CH™) via warped products in
a natural way. The main part of this paper is devoted to the classification of
Lagrangian H-umbilical submanifolds of CP™ and of CH™. Our classification
theorems imply in particular that “except some exceptional cases”, Lagrangian
H-umbilical submanifolds of CP™ and of CH™ are obtained from Legendre curves
in $3 or in H?} via warped products. This provides us an interesting interaction of
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Legendre curves and Lagrangian H-umbilical submanifolds in non-flat complex-
space-forms. As an immediate by-product, our results provide many concrete
examples of Lagrangian H-umbilical isometric immersions of real-space-forms
into complex projective spaces and complex hyperbolic spaces.

Lagrangian H-umbilical submanifolds in complex Euclidean spaces are inves-
tigated in [5]. The author introduces in [5] the notion of complex extensors,
moreover, he obtains in [5] the classification of Lagrangian H-umbilical submani-
folds of complex Euclidean n-space C* by utilizing complex extensors of the unit

hypersurface in Euclidean n-space E".

2. Preliminaries

In the following, M™ {4c) denotes a complete simply-connected Kaehler manifold
of complex dimension n with constant holomorphic sectional curvature 4¢c. Let M
be a Lagrangian submanifold of M "(4c). We denote the Levi-Civita connections
of M and of M "(4¢) by V and V, respectively. The formulas of Gauss and
Weingarten are given respectively by

(2.1) VxY = VxY + h(X,Y),
(2.2) Vx€=—AeX + Dxé,

for tangent vector fields X and Y and normal vector fields £, where D is the
connection on the normal bundle. The second fundamental form A is related to
A( by

The mean curvature vector H of M is defined by H = 1 traceh.

For Lagrangian submanifolds, we have (cf. [7])

(2.3) DxJY = JVyY,
(2.4) AsxY = —Jh(X,Y) = Ay X.

The above formulas imply immediately that (h(X,Y), JZ) is totally symmet-
ric. If we denote the curvature tensors of V and D by R and RP, respectively,
ie., R(X, Y) = [Vx, Vy] - V[x'y] and RD(X, Y) = [Dx, Dy] — D[X‘y], then the
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equations of Gauss, Codazzi and Ricci are given by

(RIX,Y)Z,W) ={Any,2)X, W) — (Anx,2)Y, W)

(2.5) +e((X, WY, Z) = (X, Z) (Y,W)),
(2.6) (VR)(X,Y, Z) =(VR)(Y, X, Z),

(RP(X,Y)JZ,JW) ={[Asz, Agw]X,Y)
(2.7) +c((X, W) (Y, Z) - (X, Z2) (Y, W)),

where X,Y, Z, W (respectively, 7 and £) are vector fields tangent (respectively,
normal) to M and Vh is defined by

(2.8) (Vh)(X,Y,Z) = Dxh(Y, Z) — h(VxY, Z) — h(Y,Vx Z).

For a Lagrangian submanifold M in M "(4c), an orthonormal frame field

€ly...,€ny€1e,...,Epe
is called an adapted Lagrangian frame field if e;,...,e, are orthonormal
tangent vector fields and ey-,...,e,- are normal vector fields given by
(2.9) e1- =Jey,...,eqne = Jey,.

We recall the following Existence and Uniqueness Theorems for later use (cf.

[4,6]).
THEOREM A: Let (M",(.,.)) be an n-dimensional simply connected Riemann-
ian manifold. Let o be a T M-valued symmetric bilinear form on M satisfying

(1) {(o(X,Y), Z) is totally symmetric,

(2) (Vo)(X,Y,2) = Vxo(Y,2) - o(VxY,Z) — o(Y,VxZ) is totally

symmetric,

(3) RX,Y)Z=c((Y,2)X - (X,2)Y) +0(0(Y,2Z),X) - 0(0(X, Z),Y),
then there exists a Lagrangian isometric immersion z: (M, (.,.)) — M™(4c)
whose second fundamental form h is given by h(X,Y) = Jo(X,Y).

THEOREM B: Let z!,z2: M — M™(4c) be two Lagrangian isometric immersions
of a Riemannian manifold M with second fundamental forms h! and h2. If

(RY(X,Y),Jz.Z) = (h}(X,Y),J22Z),
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for all vector fields X,Y,Z tangent to M, then there exists an isometry ¢ of
M™(4c) such that z! = 220 ¢.

Let M = I x5 F denote the warped product of an open interval I in R and

a Riemannian manifold F with warped function f. Denote by R and R the

Riemannian curvature tensors of M and F, respectively. Then R and RF satisfy
fl

(2.10) R(X,Y)Z = RF(X,Y)Z - (7)2 (Y, 2)X - (X,2)Y),

@11  RX,V)V = - (‘-/fﬂ) X,
for X,Y, Z tangent to F and V tangent to I. Notice that there is a difference in
sign between the definition of R of this paper and that of [12].

3. A general method for constructing Lagrangian submanifolds

In this section, we mention a general method for constructing Lagrangian sub-

manifolds both in complex projective spaces and in complex hyperbolic spaces.

Cask (1):  M™(4c) = CP™(4c), ¢ > 0. Let
8§22 1(e) = {z = (21,..- , Zng1) €C*HL: (2,2) =1/ > 0}

be the hypersphere of C**! with constant sectional curvature c centered at the
origin. We consider the Hopf fibration

3.1) 7§20+ (c) — CP™(4c).

On $2**+!(c) we consider the contact structure ¢ (i.e., the projection of the
complex structure J of C**! on the tangent bundle of $2*+!(c)) and the structure
vector field £ = Jz, where z is the position vector. An isometric immersion
f: M — 8%tl(c) is called C-totally real (or an integral submanifold) if £ is
normal to f.(TM) and (¢(f.(TM)), f(TM)) = 0, where (, ) denotes the inner
product on C**!, On C**! we consider the complex structure J induced by
i = v/=1. The main results of [13] can be specialized to our situation as follows.

Let g: M — CP™(4c) be a Lagrangian isometric immersion. Then there exists
an isometric covering map 7: M->Manda C-totally real isometric immersion
f: M — §2"*+1(c) such that g(r) = 7(f). Hence every Lagrangian immersion can
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be lifted locally (or globally if we assume the manifold is simply connected) to a C-
totally real immersion of the same Riemannian manifold. Conversely, let f: M-
§27+1(¢) be a C-totally real isometric immersion. Then g = 7(f): M — CP"(4c)
is again an isometric immersion, which is Lagrangian. Under this correspondence,
the second fundamental forms h/ and A9 of f and g satisfy 7, hf = h9. Moreover,
h! is horizontal with respect to m. (We shall denote A/ and h¢ simply by A.)

Cask (2): M "(4¢) = CH™(c), ¢ < 0. In this case, we consider the complex
number (n + 1)-space C}*! endowed with the pseudo-Euclidean metric go given
by

n+1
(32) go = —dzdz; + z dedfj.
i=2
Put
(3.3) H> Y e) = {2z = (21,22, -+ y Za41): (2,2) = 1/c < O},

where (, ) denotes the inner product on C}*! induced from go. HZ"*(c) is known
as an anti-de Sitter space-time.
We put

T' = {z€ C*':Re (u,2) = Re (u,iz) =0}, H}={AeC: =1}

Then we have an Hl-action on HZ"*(¢), 2 — Az and at each point 2 € H{"*1(c),
the vector iz is tangent to the flow of the action. Since the metric g¢ is Hermitian,
we have Re go(iz,iz) = 1/c. Note that the orbit is given by z; = (cost + isint)z
and dz;/dt = iz;. Thus the orbit lies in the negative definite plane spanned by
z and iz. The quotient space H2"*!/ ~, under the identification induced from
the action, is the complex hyperbolic space CH™ (4¢) with constant holomorphic
sectional curvature 4c¢, with the complex structure J induced from the canonical
complex structure J on C*! via the following totally geodesic fibration:

(3.4) 7 H"1(c) —» CH™ (4¢).

Just as in Case (1), let g: M — CH™ (4c) be a Lagrangian isometric immersion.
Then there exists an isometric covering map 7 M—Manda C-totally real iso-
metric immersion f: M-oH 2n+1(c) such that g(r) = 7(f). Hence every totally
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real immersion can be lifted locally (or globally if we assume the manifold is sim-
ply connected) to a C-totally real immersion. Conversely, let f: M- HE ()
be a C-totally real isometric immersion. Then g = 7(f): M — CH"™ (4c) is again
an isometric immersion, which is Lagrangian. Similarly, under this correspon-
dence, the second fundamental forms hf and k9 of f and g satisfy w.hf = h9.
Moreover, hf is horizontal with respect to 7. (We shall also denote h/ and h9
simply by h.)

C-totally real curves in S3(c) (or in H}(c)) are known as Legendre curves.

4. Legendre curves and warped Lagrangian H-umbilical submanifolds

In this section we prove that Legendre curves in S3(c) and H}(c) are given by
solutions of the second order differential equation z”(z) = iA(z)7'(z) — cz(x).
Moreover, for each such Legendre curve, we construct its corresponding canonical
Lagrangian H-umbilical submanifolds of CP" (4c).

THEOREM 4.1: Let ¢ be a positive number and z = (z),23): I — §°(c) C C?
be a unit speed curve where I is either an open interval or a circle. Then the

following statements hold.

(a) If z: I — C? satisfies differential equation
(4.1) 2" (x) = iX(x)2' (x) — cz(x)

for some nonzero real-valued function A on I, it defines a Legendre curve
in $3(c). Conversely, if z defines a Legendre curve in S3(c), it satisfies
differential equation (4.1) for some real-valued function A.
(b) If z: I — S3(c) C C? is a unit speed Legendre curve such that |z;(z)| is
a positive function on I, then
(b-1) the map ¥: I x S"~1(1) — C**1, given by

(4.2) Y@, Y15 Yn) = (a1(2), 22(2)y1, - - » 22(2) )
with y2 + - + y2 = 1, defines a C-totally real isometric immersion
(4.3) Pi I X)py) S™71(1) - S2F(c).
(b-2) The map (4.2) gives rise to a Lagrangian H-umbilical isometric immersion

(4.4) P =motp: I Xz S*"1(1) - CP™(4c),
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such that, with respect to some orthonormal local frame field ey, ... ,e,
with e, = 8/0z, the second fundamental form h of i satisfies

h{er,e;) = AJey, hles,e9) =+ = hlen,e,) = uley,

(4.5) . .
h(ei,e;) = pJej, h(ejex) =0, j#k, jk=2,...,n,

where pu = _]z_zll’ (22,12) and (29,1z5) denotes the real part of 2,75,
(c) For a unit speed Legendre curve z: I — S3(c) C C? we have
(c-1) the map ¢: S™~1(c) x I — C**1, given by

(4.6) (@01, - 1 9) = (21D, 22(@)01, %yz, .. %y,,)

with y? +--- + y2 = 1, defines a C-totally real isometric immersion from
the warped product manifold S"~(c) x,, I into S?"*+1(c),

(c-2) the warped product N™(c) = S™~1(c) x, I is of constant sectional curva-
ture ¢ and the immersion ¢ = To ¢ gives rise to a Lagrangian H-umbilical
isometric immersion from N"(c) into CP™(4c),

(c-3) if the Legendre curve v is a closed curve, then N™(c) is compact and the
universal lift of the Lagrangian immersion ¢ = 7 o ¢: N™(c) — CP"(4c)
is a Lagrangian H-umbilical isometric immersion of S™(c) into CP™ (4c),

(c-4) the second fundamental form h of the Lagrangian immersion m o ¢ takes
the following form:

A
(4.7)  h(er,e1) = y—-Jel, h(ei,e;) =0, h(ej,ex)=0, jk=2,...,n,
1

with respect to some suitable orthonormal local frame fields.

Proof: (a) Suppose 2: I — S§3(c) C C? is a unit speed curve which satisfies (4.1).
Then, by taking the derivative of (iz’,iz) = 0 and applying (z, z) = 1/¢, (/,2') =
1 and equation (4.1), we have (z/,iz) A\=0.Let U = {z € I: AM(z) # 0}. If U = I,
then (z',iz) = 0 identically on I. Thus, z defines a Legendre curve in $3(c). Now,
suppose U # I, then we have A = 0 on the open subset I — U. Since {z’,iz)' =0
on I — U, the continuity implies (z’,1z) = 0 identically. Therefore, z defines a
Legendre curve in S3(c).

Conversely, if z defines a Legendre curve in $3(c), then (z/,iz) = 0 identically.
Thus, we have (2”,iz) = 0. Since z,1z,2’ and iz’ form an orthogonal frame field
along the Legendre curve, 2”(z) = iA(z)2'(z) + k(z)z(z) for some real-valued
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functions A and k. On the other hand, from (z, z) = 1/c and (¢/,2') = 1, we also
have (2", z) = —1. Thus, k(z) = —c which implies (4.1).

(b) It is easy to verify that map (4.2) defines an immersion from I x $™~1(1)
into C**! whose induced metric is the warped product metric g = ds?+|22(s)|?go,
where go is the standard metric on the unit (n — 1)-sphere S™~1(1).

Since z is assumed to define a Legendre curve in S3(c), we have (2,z) = 1/c.
By combining this with the condition y2 + --- + y2 = 1, we get (¥,¢) = 1/c.
Thus I X|,,; S"7(1) is mapped into $**1(c).

Since (z’,42) = 0 by hypothesis, (4.2) yields (¢, t3)) = 0. For each fixed z € I,
(4.2) implies that {z} x S"~!(1) is immersed as a C-totally real submanifold of
§27+1(¢) in a natural way. Hence, (X,i¢) = 0 for any X tangent to the second
component of the warped product. Therefore, i3 is normal to the warped product
I X4 S""l(l).

By using (4.2), it is easy to verify that the contact structure ¢ on S2"*+1(c)
maps each tangent vector of the warped product into a normal vector. Conse-
quently, ¥ is a C-totally real isometric immersion and from the discussion given
in Case (1) in section 3, we conclude that the composition Y =Tov is in-
deed a Lagrangian isometric immersion from I x|,,| S*~!(1) into CP™(4c). By a
direct straight-forward computation, we obtain (4.5). This proves Statement (b).

Statement (c) follow from a straight-forward long computation, too. |
Similarly, we have the following.

THEOREM 4.2: Let ¢ be a negative number and z = (z1,23): I — H3(c) C C?

be a unit speed curve where I is an open interval.

(1) If z: I — C? satisfies differential equation
(4.8) Z'(z) =i\ (z) —cz

for some nonzero real-valued function A on I, then it defines a Legendre
curve in H}(c). Conversely, if z defines a Legendre curve in H3(c), then
it satisfies differential equation (4.8) for some real-valued function A.

(2) If z: I — H3(c) C C? is a unit speed Legendre curve in H3(c) such that
|21| is a positive function, then the map ¢;: I x H"~1(-1) — C}*! given

(4.9) Uiz, ¥, 5 Un) = (22(T)Y1, - -+ 21(2)Yn, 22(2))
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with y? — y2 — --- — y2 = 1 defines a C-totally real isometric immersion
(4.10) $1: I x|y HP1(=1) —» HEM(c).
(4.9) gives rise to a Lagrangian H-umbilical isometric immersion
(4.11) Y1 =motp: I Xp, H*(=1) —» CH™(4c).
(3) With respect to some orthonormal local frame fields ey, . .. ,e, withe; =

8/0z, the second fundamental form h of 4, satisfies

1 .
hlei,e1) = Ae1, hlej,ej) =pley, p= TP (21,i21),

h(ei,e;) = pJe;j, hlej,ex) =0, j#k, jk=2,...,n
(4) If 2: I — H}(c) C C? is a unit speed Legendre curve in H(c) such that
|za] is a positive function, then the map ¢q: I x S*1(1) — C7*! given
by
(413) ¢($» Y. ,y'n) = (Zl(.’L'), z2(x)y1’ ey z2(x)yn)

with y? + y2 + -+ + y2 = 1 defines a C-totally real isometric immersion

(4.14) Por I X5y S*H(1) - HEF(c).

(4.12)

(4.14) gives rise to a Lagrangian H-umbilical isometric immersion
(4.15) P2 =motpgr I X5y S™1(1) —» CH™ (4c)

such that, with respect to some orthonormal local frame field e, ... ,e,
with e, = 8/9z, the second fundamental form h of 1, satisfies

1 ,
h(e1,e1) = AJey, h(ej,ej) = pdey,, H=—IZT|2(22JZ§),

h(ei,e;) = pJej, hlej,ex) =0, j#k, jk=2,...,n.

(4.16)

Because the proof of this theorem is similar to the proof of Theorem 4.1, we
omit it.

According to Theorems 4.1 and 4.2, one can construct many Lagrangian H-
umbilical submanifolds in CP"(4c) and in CH™(4c) by using unit speed curves
in 53 and in H} which satisfy differential equations (4.1) and (4.8), respectively.

Remark 4.3: Unit speed curves in S3(c) (respectively, in H3(c)) which satisfy
the differential equation 2" (s) = —cz(s) are geodesics and they are not necessarily
Legendre curves.
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5. Lagrangian H-umbilical immersions of real-space-forms into CP"

From statement (c) of Theorem 4.1 we know that real-space-forms admit many
Lagrangian H-umbilical isometric immersions into CP™. In this section, we study
Lagrangian H-umbilical isometric immersions of a real-space-form M™(62) into
CP"™(4c) for 62 > ¢ .

THEOREM 5.1: Let ¢ be a positive number and n > 2. Then

(i) A simply-connected open portion M of the Riemannian n-sphere S™(62)
with curvature 6 > ¢ admits a Lagrangian H-umbilical isometric
immersion £: M — CP™ (4c) such that

h(el,el) = 2bJ€1, h(eg,eg) == h(en,en) = bJel,

5.1
(5-1) h(ei,e;) =bJe;, h(ejex)=0, j#k, jk=2,...,n,

for some suitable orthonormal local frame field e,,... ,e, on M, where b
is the constant given by b = /52 — .
(i) Let L: M — CP™(4c) be a Lagrangian H-umbilical isometric immersion

satisfying (5.1) for some non-trivial function b, then

(ii-1) b is constant,

(ii-2) M is an open portion of S™(62) with 62 = b + c and hence M is locally
isometric to the warped product I X} cou(sz) s*-1(1),

(ii-3) up to rigid motions of CP™ (4c), the immersion L is given by the immersion
¢ mentioned in Statement (i), and moreover

(ii-4) L is the composition 7 o ¢, where = is the projection of Hopf’s fibration
and ¢: M — S¥+1(c) (C C**1) is given by

(5.2)
By U = o7 ((b(bfa) + Vo) +(b(b}6) £ Vop)e e,

(6 = b+by1)e’®™ — (6+b—byr)e ™™,

6y2(ei6x + e—\'&z), . ,6y,.(e*6' + e—iﬁx))’

Btootim=1 b=Vé-q
and M is the covering space of M via the Hopf fibration.

Proof: Let M be a simply-connected open portion of S™(62). Then M
is isometric to an open subset of the warped product I X} cou(sz) S™7'(1) with
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warped metric

(5.3) g=dz? + 51—2cos2(6x)g0,
where go is the standard metric on $"~1(1). With respect to a spherical
coordinate system {ug, ... ,un} on S"~}(1), we have
(5.4) go = du + cos? ugdu? + -+ + cos uy - - - cos® up_y dud.
From (5.3) and (5.4) we get
V%% =0, V%-a%c = —6tan(6x)53—k, VE«%:‘?% = Sin—(;;ﬂ%,

8 0
o = —tanuz—, 2<i<j,
(5.5) Vai’—,- ou tan u ou 1<j

. i i—1 / . j-1
8 sin2x)iy , 0 % (stuk 2, | 0
Ve — = Hcos ug— + E H o5~ e ’
3‘37 Ou; 26 =3 Oz k=2 2 t=k+1 Du

where 2 < 1,5,k < n.
Define a TM-valued symmetric bilinear form o on M by

2 0\ _p0 (2 8)_,0
\oz'dz) ‘8z 8x’ Bu; )~ Ou;’

-1

o b 2 = b§; 6‘2cosz(6a:)hcoszu 9 k=2 n
aujaauk = V0jk - laxa hE=4,...,0N,

(5.6)
where b = /62 — ¢ and §; denotes the Kronecker deltas.

By applying (5.5) and (5.6) and by a long computation, we may prove that
M together with the symmetric bilinear form o satisfies the three conditions
mentioned in the Existence Theorem (Theorem A). Therefore, there exists a
Lagrangian H-umbilical isometric immersion £: M — CP"(4c) with h = Jo as
its second fundamental form. This proves Statement (i).

For Statement (ii), let us assume that L: M — CP™(4c) is a Lagrangian H-
umbilical isometric immersion whose second fundamental form satisfies

h(e1,e1) = 2bJey, hiez,€3) = -+« = h(en,en) = bJey,

(5.7) . :
h(e1,e;) = bJe;, hlejex)=0, j#k, jk=2,...,n,
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for some non-trivial function b. Then we have

Ve h(ej e1) = De hlej, e1) = h(Ve,ej,e1) — h(ej, Ve 1) = (e1b) Je;,

(5.8) _
Ve, h(e,e1) = 2(e;b)Jer, j=2,...,n.

Using (5.8) and Codazzi’s equation (2.6) we conclude that b is a constant.
Therefore, by applying (5.7) and Gauss’ equation (2.5), we know that M is of
constant sectional curvature 62 = b? +¢. Consequently, the Uniqueness Theorem
(Theorem B) implies that up to rigid motions of CP™(4c), { = L.

Since L: M — CP"(4c) is a Lagrangian H-umbilical isometric immersion
satisfying {5.1) for some constant b # 0, M is of constant sectional curvature
62 = b% + c. Hence M is an open portion of S™(62) which is locally isometric to
an open portion of the warped product I X} coe(sz) S§™=1(1) with T = (-5, 35)-
So, we may assume the metric of M (and hence of M) is given by (5.3)-(5.4).

Let ¢: M — §2+1(c) € C**+! be a horizontal lift of the Lagrangian immersion
L: M — CP"(4c) via Hopf’s fibration. Then, by (5.1), (5.5), (5.6) and Gauss’
formula (2.1), we have

o .
(5'9) Grz =200, — P, = st Pze = @a
(5.10) Vy¢. = (ib— §tan(6x))Y,
(5.11) VyVzé = (Y, Z) {(ib)¢: — cd} + Vy Z,

where Y, Z are vector fields tangent to the second component S™~1(1) of the
warped product and Vy Z is the tangential component of VyZ.

Let {uz,...,u,} be a spherical coordinate system on S®~1(1). By solving
(5.9) we obtain

(5.12) é(x,ug, ... ,up) = Aug,. .. ,u,.)e("""s)iz + B(ug,... , U )e—9)z

for some C**!-valued vector functions A, B. From (5.10) and (5.12), we find

0A 0B

5’;;=a—z‘j, =2,...,n.

(5.13)
Using (5.12) and 62 = b% + ¢, we get

(5.14) z’bg% — cp = 6 ((b-+ ) A+ _ (5 §)Be®~=)
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From (5.12) we have

9% 9%A (b+8)iz | 9°B p(b=b)iz_

(5'15) 8u22 - 6u22 8u22

On the other hand, (5.3)-(5.5), (5.10) and (5.14) yield

62¢

0t ((b+6)A (b= 6)B)(eb+9iz 4 ((b=8)iz,
2

(5.16)

Combining (5.15) and (5.16), we find

94 9B _ 1

5ot = 5u2 = 50 +OA= (6-0)B).

(5.17)

(5.13) and (5.17) imply

B4 04 8B 0B

4= =0.
31123 + Bug ’ 8 + 3112

(5.18)

From (5.17) and (5.18) we obtain

A = bg + by sinug + ba cosug,

(5.19) B (b +6

g——é) bo + by sinu; + bg cosug,

where by, by, by are C*+!-valued functions of us, ... , un.

If n = 2, bg, by, by are constant vectors in C3. Thus (5.12) and (5.19) imply

(5.20)

83

¢(z,u) = " {bo <86i’ + (M) e‘“") + (bysinu 4 by cosu)(e®® + e““"’)} ,

b-4¢

where u = uy. If we choose the following initial conditions:

0) = (1/\/57 0, 0)7 ¢::(Ov 0) = (Ov i 0): ¢u(0a 0) = (0’ 0, 1/26),

then (5.20) implies
(5.21)

bz, u) = 252( (b(b\/_é) A fcosu) 5,,+(b(b}6) s Voo )

(6 — b+ beosu)e®™ — (8 + b — beosu)e™***, §sin u(e®* + e"“")).
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If n > 2, then (5.5), (5.12), (5.19) and (5.11) with Y = 8/0uz, Z = 8/8u3
imply 0b;/0u3 = 8by/0u3 = 0. Thus

(5.22) bo = bo(ua, ..., un), b1 =bi{ug,...,us).
Similarly, (5.5), (5.12), (5.19), (5.22) and (6.11) with Y = Z = 8/du3 imply
(5.23) by = ba(ug, ... ,up)sinug + bg(ug,...,u,) cosus.

By continuing this procedure (n — 1) times, we will obtain
(5.24)

. . b+ 46 .
__biz dix —&iz
é =e"*{co (e +(_b—6)e )

+ (€% + e %) (c; sinug + o cosup sinuz + - -+ + €, COS Uz - - - COS U, ) }

for some constant vectors cg, 1, ... ,¢n € C**1. By choosing the following initial

conditions:
(5.25)
04 .
#(0,...,0) = (1/Vc,0,...,0), a(o,...,0)=(0,1,0,...,0),
96/0u(0, .. ,0) = (0,. . ,0,1/26), .. ,:T"’(o,... ,0) = (0,0,1/26,0,... ,0),
we obtain (5.2), with
n n—1
Yy = Hcosuj, Yo = sinu, H CoSUj, ..., Yn = Sinus.
j=2 j=2

This proves Statement (iii). |

6. Lagrangian H-umbilical immersions of real-space-forms into CH"

In this section we establish the following Existence and Classification Theorem for
Lagrangian H-umbilical isometric immersions of real-space-forms into complex

hyperbolic spaces.

THEOREM 6.1: Let ¢ be a negative number and n > 2. Then we have
(i) Every real-space-form M"(¢) of constant sectional curvature ¢ with ¢ > c
admits (at least locally) a Lagrangian H-umbilical isometric immersion
¢: M™(¢) - CH™(4c) whose second fundamental form satisfies
h(ey,e1) = 2bJey, h(es,e3) = -+ = h(eq,en) = bJey,

6.1
61) h(ei,e;) = bJe;, hlej,ex) =0, j#k, jk=2,...,n,



Vol. 99, 1997 LEGENDRE CURVES AND LAGRANGIAN SUBMANIFOLDS 85

with respect to some suitable orthonormal local frame fields e,,... e,
on M™(&), where b is the constant given by b = /¢ — c.
(ii) Let L: M — CH™(4c) be a Lagrangian H-umbilical isometric immersion
satisfying (6.1) for some non-trivial function b, then
(ii-1) b is constant,
(ii-2) M is a real-space-form M™(¢) of constant sectional curvature é = b + c,
and
(ii-3) up to rigid motions of CH™(4c), L is the immersion £ given in Statement
()-
(ili) Let L: M — CH"(4c) be a Lagrangian H-umbilical isometric immer-
sion satisfying (6.1). Then M is locally isometric to one of the following
warped products:

I'xy 1 cos(bz) 5" 1(1),R xy E" 1R X¢s= E®™}, whenn > 3,
IX%COS(&B)R, Rx;R, Rx.:R, whenn=2;

and up to rigid motions of CH™(4¢), L is the composition w o ¢, where
7 is the projection from H"*'(c) onto CH™ (4c) mentioned in section 3,

6 = /|é|, and

(iii-1) when é=b%+¢> 0, ¢: M — HZ"*(c) c C! is given by

1b:l: b(b - 5
¢(-’E,y1,- -,Zln) ( ( \/_—?J idz

b(b +6) . .
621) +(0r9 \/+_ —V=ey1)e T (6 = b+ by, €T — (6 + b — by e,

592 (eiéx + e—ié:c)’ 63}7:. (ez&s —iéz)) ,

where y} +---+y2 =1 and § = V§;
(iii-2) whené=0b2+c=0, ¢: M — H2"*(c) C C}*! is given by

ei —~cz 1 ) /—¢ n
¢($,y1,---,yn)=—2 - - U?,
26 V—c 2 <

(6.2-2) =

. m
4 2

:c+—2-2 Uy U2y .oy Un |
=2
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(iii-3) when é =b%+¢c <0, ¢: M - H>*1(c) c C*! is given by
(6.2-3)

o(z,u u)—ﬁ ! (% [1 —cZu _6’1+9))
y U2y e v e ylUn) = l : 61'

- 0

+ (bi - 9) Zu =8z 9uqed* ,2u,.e6’) , 6=+v-é.

Proof: We may assume that M"(¢) is simply-connected, by taking the universal
covering of M™(¢) if necessary. Since M™(¢) is of constant sectional curvature,
M™(é) is locally isometric to an open portion of the warped product I x } cos(dz)
S"=1(1) (respectively, I x; E™*~! or Rx 5= E* 1) if ¢ = 62 > 0 (respectively, é = 0
or é = —6% < 0) whenever n > 3. If n = 2, we replace the second component of
the warped product by R.

CASE (a): é=6%2>0. In this case, Statement (i) can be proved in exactly the
same way as the proof of Statement (i) of Theorem 5.1.

CASE (b): é=0. In this case, M™(0) is locally R x; E™~!. Thus,
(6.3) g=drl+dul+.- +dui,

where {us,...,u,} is a Euclidean coordinate system on E™~!. We define a
symmetric bilinear form o by

o(L.2)onl, o(2 )2
dz' 9z ) T 9z’ o o0’ 9w )~ Cow’
U(a—w,%)—b&jkgx I k=2,...,n,

where b = /—c.

By applying (6.4), we may prove that M™(0) together with the symmetric
bilinear form o satisfies the three conditions given in Theorem A. Therefore, there

(6.4)

exists a Lagrangian H-umbilical isometric immersion £&: M™(0) — CH™(4c¢) with
h = Jo as its second fundamental form.

CASE (c): é = —6%2 < 0. In this case, M™(¢) is covered by local coordinate
system {z,uy,...,u,} whose metric tensor is given by

(6.5) g =dz? + e®*(dul + ... + dul).
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From (6.5) we have

0 0

0
il
0

(6.6) P
—_— e . 2633__ < s A < .
Vb%auk bd;re 3’ 2<4,5,k<n

We define a T'M-valued symmetric bilinear form ¢ on M™"(¢é) by

0 0Y 0 (2 oY _ 0
\oz’oz) ~ “oz ox’ du; )~ Ou;’

4 o — bd. 2¢5'.l:a -
0<8Uj’-87k)_b63ke ax’ J’k—z,-..,n,

where b = v/é — c.
By applying (6.6) and (6.7) and by a long computation, we know that M™(é)

(6.7)

together with the symmetric bilinear form o satisfies the three conditions given
in Existence Theorem (Theorem A). Therefore, there exists a Lagrangian H-
umbilical isometric immersion £: M™(¢) — CH™ (4c) with h = Jo as its second
fundamental form. This proves Statement ().

Because Statement (ii) can be proved in exactly the same way as that of
Statement (ii) of Theorem 5.1, we omit it.

Now, we prove Statement (iii). Assume L: M — CH™(4c) is a Lagrangian
H-umbilical isometric immersion whose second fundamental form takes the form
of (6.1) for some constant b # 0. Then M is of constant sectional curvature 62 =
b® + c. Hence M™(¢) is locally one of the warped products I x 1 cos(6z) Sn1(1),
R x; E"1, or I X 6: E™!, according to é = 62 > 0, ¢ = 0, or ¢ = —62 < 0.
When n = 2, the second component of the warped product shall be replaced by
R. In the following, let ¢: M — HZ"*!(c) c C7*! denote a horizontal lift of the
Lagrangian immersion L: M — CH™ (4c).

CasE (iii-1): é = 62 > 0. In this case, by applying a method similar to the
proof of Statement (iii) of Theorem 5.1, we obtain (6.2-1).

CAsE (iii-2): ¢=0. In this case, (6.1), (6.3) and Gauss’ formula yield

— op; 8% . 3¢
(6'8) ¢,;,,—2b2¢z—c¢, m-"b‘é—'i]’-’
2
(69) PO Siulibde —cf), ik=2,....n

Ou;0uy
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where b = /—c.

By solving the first equation of (6.8), we have
(6.10) Bz, u2, ... ,un) = € {A(ug, ... ,un) + zB(ug, ... ,un)},

for some C7**-valued functions A and B. Applying (6.10), the second equation
of (6.8), and b% + ¢ = 0, we conclude that B is a constant vector. Therefore, by
applying (6.9) and (6.10), we obtain

. n n
(6.11) ¢ =€t (%bBZu? + Z'yjuj + Bz + C) ,

j=2 j=2
where B, v;, C are constant vectors. By choosing the following initial conditions:
#(0,...,0)=(1/b,0,...,0), ¢.(0,...,0)=(0,1,0,...,0),

(612)  o¢ 99
6u2 ’ 8u,,

we obtain (6.2-2).

CasE (iii-3): ¢ = b + ¢ < 0. In this case, we put § = v-b2 —¢c. Form
(6.5)—(6.7) and Gauss’ formula; we have

(0,...,0)=(0,0,1,...,0), ... (,...,0)=(0,...,0,1),

= 9%; P9 _ . 3¢
(613) ¢zz = 2bi ¢x - C¢, 81[,]'31,‘ = (Zb + 6)3—’“]-,
62¢ 28z g/, .
(6.14) = 0;xe“°"{(ib — 8)¢z — cp}, G k=2,...,n.

3u_,- 3uk

By solving the first equation of (6.13), we get
(6.15) oz, ug,...,u) = e“’”{A(ug, v U )eSZ 4 2B (ug, . .. un)e %Y,

for some Cp*-valued functions A and B. Applying (6.15), the second equation
of (6.13), and the equation 6 + b + ¢ = 0, we conclude that B is a constant
vector. Therefore, by applying (6.14), (6.15) and a long direct computation, we
obtain

n n
(6.16) ¢p=e* | ef=(6(6-bi)BY ul+) vu;i+C)+ Be“s") ,

j=2 =2

where B,~; and C are constant vectors. By choosing the conditions given by
(6.12) as we did for case (iii-2), we obtain (6.2-3). ]
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7. Classification of Lagrangian H-umbilical submanifolds in CP"

Theorems 4.1, 4.2 and 5.1 imply that there exist abundant examples of
Lagrangian H-umbilical submanifolds in CP"(4c) such that

h(ei,e1) = AJey, h(ez,e3) =--- = h(en,€n) = pJey,

(7.1) . .
h(el,ej)=u.]ej, h(ej,ek)=0, ]#k, ],k=2,...,n,

for some functions A, u with respect to some suitable orthonormal local frame
field.

The purpose of this and the next sections is to study and to classify
Lagrangian H-umbilical submanifolds in CP™ (4c). Theorem 7.1 says that “most”
Lagrangian H-umbilical submanifolds of CP™(4c) are Lagrangian submanifolds
obtained from Legendre curves via warped products as constructed in Theorem
4.1.

We consider the two cases n > 3 and n = 2 separately.

THEOREM 7.1: Let n > 3 and ¥: M — CP™(4c) be a Lagrangian H-umbilical
isometric immersion.
(i) If M is of constant sectional curvature ¢, then either
(i-1) é=c (cf. Theorem 5.1 for such examples) or
(i-2) é = b* + ¢ > ¢ and up to rigid motions of CP™(4c), M is
isometrically immersed in CP™ (4c) given by (5.2) in Theorem
5.1.
(ii) If M contains no open subsets of constant sectional curvature > c, then

there exists a unit speed Legendre curve
(7.2) 2(z) = (21(2), z2(2)): T = $%(c) € C?

such that up to rigid motions of CP™(4c), ¥ is m o ) where v is defined
by

(7.3) Pz, Y1, -+ ¥n) = (21(2), 22(2) Y1, . -, 22(Z)Yn)

with y? + .-+ y2 = 1 and ~ is the projection of Hopf’s fibration (cf.
Theorem 4.1 for details).

Proof: Let M be a Lagrangian H-umbilical submanifold of CP"(4c) whose
second fundamental form takes the form (7.1) for some functions A, p.
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Cask (i): M is of constant sectional curvature é. In this case, because n > 3,
(7.1) implies p(X —2u) = 0.

Case (i-1): If p vanishes identically, then M is of constant curvature c.

Case (i-2): If u # 0, then A = 2y # 0 on a nonempty open subset V of M. By
applying Theorem 5.1 we know that A and p are nonzero constants on V. Hence,
by continuity, we obtain V = M. Put b= p and é = 2 = b> + ¢ > ¢. Then by
applying Theorem 5.1 again, we know that up to rigid motions of CP™(4c), M
is isometrically immersed in CP™(4¢) by (5.2). This proves Statement (i).

Now, we prove Statement (ii). So, we assume M contains no open subsets of

constant sectional curvature ¢ (> ¢). In this case,

(7.4) U:={p€ M: u(X—2p)#0 at p}
is an open dense subset of M.

Let ey,... ,e, be an orthonormal local frame field on M satisfying (7.1). Let
wl,...,w" denote the dual 1-forms of ey, ... ,e,. Denote by (w§) the connection

forms on M defined by

n n n n
Ve, — Je. it Te.. = Jo. it
(7.5) Ve; = E wlej + E wi eje, Ve = E wi.e; + E Wi €5,
=1 i=1 =1 i=1

*

where w! = —w}, Wi = —wi,i=1,...,n, A, B=1,...,n,1% ... ,n".
For a Lagrangian submanifold M in CP™(4c), (2.3) and (2.4) yield

n

PR J = i ik

(7.6) w; =w , W =w., w = E Rpw”.
k=1

From (7.1) and (7.6) we find

7.7 W=t W =t Wl o= et w; =0, 2<i#j<n.
By (7.1), (7.7) and equation (2.6) of Codazzi with X = Z = e1,Y = e;, we

obtain

(7.8) eih= (A - 2mwilez) = - = (A= 2u)w(en),
(7.9) e A= (2p— Nwiler), 7>1,

(7.10) (A =2u)wi(ex) =0, 1<j#k<n.
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Similarly, by (7.1), (7.7) and equation (2.6) of Codazzi with X = Z =e;,Y =
e1, we obtain

(7.11) ejp = 3uwi(e1),
(7.12) wi(er) =0, j>1.

We remark that (7.10) and (7.12) occur only for the case n > 3.
Since n > 3, (7.8), (7.11) and (7.12) imply

(7.13) w{'=<)\e:l;u>wj, ejA=eju=0, j=2,...,n,

(7.14) wier) =0, 1<j#k<n.

Let D denote the distribution spanned by e; and D+ be the orthogonal com-
plementary distribution of D, i.e., Dt is spanned by {es,...,e,}.

LEMMA 7.2: On U we have

(1) the integral curves of e; are geodesics of M,

(2) the distributions D and D~ are both integrable,

(3) there exist local coordinate systems {zi,...,zn} such that (a) D is
spanned by {9/9z} and Dt is spanned by {8/0zs,...,8/0x,} and
(b) €1 = 8/0z, w! = dz, and

(4) X and p are functions of x = x, satisfying

(7.15) K@) +k@) = -du-c, k=t

where ' denotes differentiation with respect to .

Proof: (7.13) and Cartan’s structure equations imply dw! = 0 and V., e; = 0.
Therefore, the integral curves of e; are geodesics. This proves Statement (1).

For j,k > 1, (7.14) implies ([e;,ex],e1) = wi(e;) — w}(ex) = O which shows
that the distribution D+ is integrable. The integrability of D is obvious, since D
is a 1-dimensional distribution. This proves Statement (2).

Since D is 1-dimensional, there exists a local coordinate system {y1,...,¥n}
such that e; = 8/8y;. Because D+ is integrable, there also exists a local coordi-
nate system {21,...,z,} such that 8/8z,,...,0/8z, span D+. Put

(7.16) T1=Y1,T2 = 29y« ,Tn = Zn.
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Then {z,,...,z,} is a local coordinate system satisfying conditions given in (3).

From (7.12) and statement (3), we see that functions A and u depend only on
z (= z1). (7.15) follows from (7.13) and the structure equations. This proves
Lemma 7.2. |

An integrable distribution F in M is called spherical if leaves of F are totally
umbilical submanifolds with parallel mean curvature vector in M.

LEMMA 7.3: On U the distribution D is auto-parallel and its orthogonal
complementary distribution D+ is spherical. Moreover, each leaf of Dt is of

constant sectional curvature ¢ + u® + k?, where k = Tgﬁ

Proof: Lemma 7.2 implies that the distribution D is auto-parallel. Let X,Y be
two vector fields in D+ and e; a unit vector field in D. Then, by (7.1), (1.3), and
Codazzi's equation, we have
A(VxY,e)) =(VxY, Aj 1) = — (Y, Vx (A, e1))
=~ (Y,(VxAje)er) — (Y, Ase, (Vxer))
== (Y, Ve, (A6, X)) + (Y, Ay, (Ve, X))
= (Y, A1¢,(Vxe1)) = (Y, Apy e, €1)
== (Y, Ve, (uX)) + 2u(Y, Ve, X) — (Y, Vxer)
=— () (X,Y) +2u(VxY,e1).

which yields

(7.17) (VxY,e1) = ( 2:*1‘ A) (X,Y).

Formula (7.17) implies that leaves of D are totally umbilical hypersurfaces
with parallel mean curvature vector. Therefore, D is a spherical distribution.

From Lemma 7.2, (7.17) and Gauss’ equation, we know that each leaf of D+
is of constant sectional curvature ¢ + u? + k2. This proves Lemma 7.3. [ |

LEMMA 7.4: U is an open portion of the warped product I x 25 S5"=1(1) where

!

(7.18) t=+ctpi+k® and sz_pr'

Proof: By applying Lemma 7.3 and a result of Hiepko [9], we know that U
is locally a warped product I X s(zy $”~*(1), where $"~1(1) is the unit (n - 1)-
sphere and f(z) is the warped function. Moreover, we also know that each vector
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tangent to I is in the distribution D and each vector tangent to S™~!(1) is in the
complementary distribution D+.

With respect to a spherical coordinate system {ug,...,u,} on S™~1(1), we
have

go = dul + cos updu? + - - - + cos? ug - - - cos? up, _ 1 du?.

Thus

(7.19) g =dz*+ fH(z){dud + cos® updul + - - - + cos? uy - - -cos? u,_ dul}.

From (7.19) we obtain

o o fa 0 _ ,i
V»%&‘O’ v?&auk_fauk’ va?auz_ ff@z

o 17/
—_ = - f— <3 y
(7.20) v 2 o, tan u; Buj’ 2<1<y,

-1
VFL@u =-ff Hcos u¢—+22(sm2uk H cos ul)

=k+1

where 2 < i,j,k < n.
(7.1), (7.20) and Codazzi's equation imply

f o
7 =k, k'/\—zy'

Thus, there is a nonzero constant b such that

(7.21)

(7.22) f = bef K==,

By applying (7.20), we know that the sectional curvature of the plane
section spanned by 8/8u,,8/0u; is given by

3 0 \_ 1 —2fk@yde_ ;2
(7.23) K ( 5o N 8u3> = 5e k2.

On the other hand, (7.1) and the equation of Gauss yield

d d
7.24 K{—A—])= 2,
( ) (3112 3u3> C+p

Therefore we have

(7.25) f(z) = be k(=)= —

. lo)=vVetplEtR. 1

o | -

We need the following.
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LEMMA 7.5: Let M(z) and u(z) be real-valued functions of z and k(z) = r‘_‘;—“
If X and p satisfy

(7.26) K +k*—p?+dp+c=0,

then

(7.27) gy = efrimds oo / exp ( / *LiME) - 2in(t) 2k(t)}dt) dz
are two independent complex-valued solutions of the differential equation
(7.28) y"(z) = iMz)y'(z) — cy(z)-

Proof: This lemma can be verified by a direct computation. |

Now we return to the proof of Statement (ii) of Theorem 7.1.

Consider the restriction of ¥ to the open dense subset U. We denote this
restricted Lagrangian isometric immersion also by 9. Let ¢: U — 5?"*1(c) C
C™*! be a horizontal lift of the Lagrangian immersion v: U — CP™(4c) via
Hopf’s fibration. Then, by (7.1), (7.19), (7.20), (7.21) and Gauss’ formula, we

have

s _ 0y _
(729) Qf:z =X wx - Cw, 1/’: - E’ w:z - W’
(7.30) Vyy, = (in+ k)Y,
(7.31) VyVzy = (Y, Z) {(ip)$: — cp} + Vv Z,

where Y, Z are vector fields tangent to the second component S™~!(1) of the
warped product and Vy Z is the tangential component of VyZ.
By Lemma 7.2, Lemma 7.5 and (7.29) we have

Y(T,ug, ... Un) = A(ug, ... Ly )e] (Hin)ds

7. -
(7.32) + Blug,... ’un)ef(k+i#)dz/ (ef {:’A(t)—2iu(t)—2k(t)}dt) dz,

for some C**!-valued vector functions A and B. From (7.30) and (7.32), we
obtain 8B/8u; =0, j =2,...,n. Thus, B is a constant vector in C**+1.
By applying (7.32), (7.31) with Y = Z = 8/0u,, we may obtain

¥ = (c1(us, ... ,un)sinug + Az(us, ... ,us) cos ug)ef(i“+")d’

(7.33) T
+ b2 (ip — k) BeJ (A-inthide,
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where ¢;, A2 and B are orthogonal with |¢;| = |A2|- Then, by applying (7.33)
and (7.31) with Y = 9/0uy, Z = 8/du;, j = 3,... ,n, we conclude that ¢; is a
constant vector.

Furthermore, by applying (7.33) and (7.31) with Y = Z = §/8u3, we have

(7.34) Ag = (sinuz)ca(ug,... ,upn) + (cosuz)Az(ug,... ,us).

By applying (7.33), (7.34) and (7.31) with Y = 8/us, Z = 8/8u;,j =4,...,n,
we also know that ¢, is a constant vector.

Continue such processes n — 1 times, we obtain

n—2
¥ =(c1sinus + cosinuzcosug + -+ + €y SiNUp—_3 H COS Uy,
(7.35) - k=2
+cn H cos uk)ef Gutk)de 4 25, k)Bef (A—iutk)ds
k=2
where ¢;,...,c,, B are orthogonal constant vectors. By choosing B,cy, ... ,¢n

parallel to the canonical basis (1,0,...,0),...,(0,...,0,1), respectively, we
obtain the desired expression (7.3) for . 1

8. Lagrangian H-umbilical surfaces in CP?
In this section we investigate Lagrangian H-umbilical surfaces in CP2.

THEOREM 8.1: We have the following results.

(i) Let: M — CP?(4c) be a Lagrangian isometric immersion from a surface
into CP?(4c). Then, for each point p € M, there exists an orthonormal
basis {e1,e2} of T,M such that the second fundamental form of ¢ at p
takes the form:

(8.1) h(ei,e1) = AJe1, hles,e2) = uJez, hles,e3) = uJey +nles.

In particular, if M is a Lagrangian minimal surface in CP?(4c), for each
p € M, there exists an orthonormal basis {ey, ez} of T,M such that

(8.2) h(ei,e1) = —pJer, h(ey,e3) = pJes, hles,e3) = pte;.

(ii) For each constant é, there exists a non-totally geodesic Lagrangian H-
umbilical isometric immersion

(8.3) £ M (&) — CP?(4c)
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of a surface of constant curvature é into CP2(4c) such that integral curves
of JH are geodesics in M(é).

(iii) Let ¢: M — CP?(4c) be a Lagrangian H-umbilical isometric immersion
of a surface into CP%(4c). If M contains no open subsets of constant
sectional curvature > c and if integral curves of JH are geodesics in M,
then there exists a unit speed Legendre curve

(8.4) 2(z) = (21(z), 2o(x)): I - §3(c) c C?
such that up to rigid motions of CP?(4c), ¢: M — CP?(4c) is w01 where
¥ defined by

(8.5) P(z,u) = (21(x), 29(x) sinu, z2(x) cos u).

Proof: (i) If p is a totally geodesic point, there is nothing to prove. So we
assume that p is a non-totally geodesic point. We define a function g, by

Bpo: UM, — R: v > B,(v) = (h(v,v), Jv),

where UM, = {v € T,M: (v,v) = 1}. Since UM, is a compact set, there
exists a vector v in UM, such that 3, attains an absolute minimum at v. Since
p is non-totally geodesic, it follows from (2.4) that 8, # 0. By linearity, we
have B,(v) < 0. Because 3, attains an absolute minimum at v, it follows from
(2.4) that (h(v,v), Jw) = 0, for all w orthogonal to v. So, using (2.4), v is an
eigenvector of the symmetric operator Aj,. By choosing an orthonormal basis
{e1,e2} of T,M with e; = v, it is easy to see that {e;,e,} satisfies the desired
property. This proves Statement (i).
(i) We divide the proof of Statement (ii) into five subcases.

CASE (ii-1): é>c¢. Puté =62, b= /¢ — c. We define a C-totally real isometric
immersion ¢z: I X coq(50) R = 5%(c) C C by
e ¢ b(b - 6) b(b + 6)
$e(z,y) = o3 ( (= + Ve cosy)e™™ + + /e cosy)e ™7,
(8.6) 282 ( Ve = Ve )
(6 — b+ bcosy)e'® — (6 4+ b — beosy)e™*%, §(e*® + e~%%) sin y).

By a direct and long computation we know that 7 o ¢; defines a Lagrangian
H-umbilical isometric immersion from the surface M (¢) into CP?(4c). It is easy
to verify that integral curves of JH are geodesics in M.
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Case (ii-2): é = ¢. Consider the warped product M(c) = I X 1 cos(y/z) R,
where I is the open interval (——2L\/z, 77z)- We have

8 ) 0
(87) Vaz-=0, V%a—y——\/ztan(\/zx)%, v

sin(2y/cx) 9

9 _
9y 2/ oz

8
By

We define a symmetric bilinear form ¢ on M(c) by
a 9 i] a & g
o (b;, %—> = sec(\/Ea:)—;, o (;9;’ 5;) = sec(\/E:c)—a—g,
a 0 o
g <6—y, 6_y) SeC(\/— )6_

By applying (8.7), (8.8) and by a long computation, we know that M(c) to-

(8.8)

gether with the symmetric bilinear form o satisfies the three conditions given in
Theorem A. Therefore, there exists a Lagrangian H-umbilical isometric
immersion ¢: M(c) — CP™(4c) with h = Jo as its second fundamental form.

In this case integral curves of JH are also geodesics in M.

Cask (ii-3): 0 < é < ¢. Put & = §2. Consider the warped product surface
M =1 X3 o555y R, where I is the open interval (— 25, 25) Let

0 8
(8.9) eL=5-, 2= 6sec(6a:)b—y.
Then e;, e form an orthonormal frame field and
0 0 i} 9  sin(26z) 0
V = —_——— = — = Ao
(8.10) 2 5n =0, sz: 3y 4 tan(x) 9y’ Va"; By 5% 92’
8 tan(6z)w?.

Let a be a real number greater than 2(c—62). Then there is an open subinterval
I of I such that asec?(6z) > 2(c — 62). On I we define functions A and u by

asec?(8z) — 4c + 462 |
8.11 A= , = —y/2asec?(bx) — dc + 462.
(®.1) V2asec?(8z) — 4c + 462 H 2\[a cH(z) - de

Then we have

26(A2 + 4c — 46?) tan(6x)

8.12 V() =
(8.12) @) == T
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We define a symmetric bilinear form o on M (é) by
(8.13) o(er,e1) = Aey, of(er,e2) = peg, ofez,e2) = pey.

It follows from (8.9)-(8.13) and a long computation that M (&) = I x } coséz) R
together with o satisfies the three conditions given in Theorem A. Hence, there
exists a Lagrangian H-umbilical isometric immersion £: M(¢) — CP"™(4c) with
h = Jo as its second fundamental form. It is easy to see that integral curves of

JH are geodesics in M.

Casg (ii-4): é = 0. Let b be a nonnegative number. We define a map
¥p: RX R = S3(c) c C3 by

Vo(z,y) = e (;:7- (a—b)(e™ +e7 ") + e:;: (b+a)),

(8.14) )
tax —iax iar
€ 5 (e"Y 4+ e—viy) _€ Vae e — e—‘viy)>’

oDk

where a = vb? + ¢ and 7 = \/2a(a + b).

By a direct but long computation we know that, for each b > 0, the map mo
defines a Lagrangian H-umbilical isometric immersion from a Euclidean 2-plane
E? into CP?(4c) such that the integral curves of JH are geodesics.

CASE (ii-5): ¢ < 0. Put é = —6% with § > 0. Consider the warped product
M =R X}y R Then M is of constant curvature é < 0. Let

(815) €y = —
Then ey, e, form an orthonormal frame field and, moreover, we have w} = —6w?.

Let a be a real number less than 2. Then there is an open interval I containing
0 such that 2 > ae?%. On I we define functions A and p by

2V + 62(ae®* — 1) __ Ve+6*V2a- azez“’c
52 /20 iz ' aesz

8.16) A=

Then we have

26(A% + 4c + 46?)

8.17 N(z) =
( ) (=) VAZ £ 4c+ 462 -
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We define a symmetric bilinear form o on M(é) by
(8.18) o(er,e1) = de1, o(e1,ex) = pez, o(ez,e2) = pey.

By (8.15)—(8.18) and a long computation, we know that M(é) = I x 1es= R
together with o satisfies the three conditions given in Theorem A. Thus, there
exists a Lagrangian H-umbilical isometric immersion £: M(é) — CP"(4c) with
h = Jo as its second fundamental form. It is easy to verify that integral curves
of JH are geodesics in M. This proves Statement (ii).

Statement (iii) can be proved in a way similar to that of Statement (ii) of
Theorem 7.1 with minor modifications. ]

Remark 8.2: The assumption on the integral curves of JH made in Statement
(iii) of Theorem 8.1 cannot be omitted. This can be seen from Statement (i) of
Theorem 8.1 and the fact that the only Lagrangian minimal surfaces of constant
curvature > 0 in CP?(4c) is the totally geodesic one (cf. [7]) and that most
Lagrangian minimal surfaces in CP2?(4c) cannot be expressed in the form of
(8.5).

Remark 8.3: From the proof of case (ii-2) in Statement (ii) we know that there
exists many Lagrangian isometric immersions from a surface M (c) of constant
curvature c into CP2(4¢) which are different from the totally geodesic one.

9. Lagrangian H-umbilical submanifolds in CH™
In this and the next sections we investigate Lagrangian H-umbilical submanifolds
of CH™. We assume that the second fundamental form of M takes the following
form:

h(ei,e1) = Ae1, h(ez,ez) = -+ = hie,,en) = pJes,
(6.1) hiei,e;) = pJej, hlejex) =0, j#k, jk=2,...,n,

for some functions A, u with respect to some orthonormal local frame field.

THEOREM 9.1: Let 9: M — CH™(4c),c < 0 be a Lagrangian H-umbilical
isometric immersion. If n > 3, then the following statements hold.
(i) If M is of constant sectional curvature ¢, then either
(i-1) é= ¢ (cf. Theorem 6.1, in particular (6.2-3) with b=0) or
(i-2) é > ¢ and up to rigid motions of CH™(4c), M is isometrically immersed
in CH™ (4c) by (6.2-1), (6.2-2) or (6.2-3) given in Theorem 6.1 with b >.0.
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(ii) If M contains no open subset of constant sectional curvature > ¢, then M

(ii-1)

(9.2)

(ii-2)

(ii-3)

(9.4)

is foliated by real-space-forms N™~!(u(z)) of constant sectional curvature
u(r) = ¢+ p*(x) + k?(z) where k = y_"‘i,—“ and A, u are given by (9.1).
Moreover,

if u > 0, then there exists a unit speed Legendre curve

z=(z1,22): I — H}(c) c C?
such that up to rigid motions of CH™(4c), ¥ is locally given by
moy: M — HH(c) - CH™ (4c)
where
Y, Y15 4n) = (21(2), 22(2)90, - - 5 22(T) )

withy? +y2 4+ +y2=1;
if u < 0, then there exists a unit speed Legendre curve

2= (z1,22): I = H3(c) c C?

such that up to rigid motions of CH™(4c), ¥ is locally given by mo ¢

where

V(T Y1y -« 5 Yn) = (21 (@)Y1y - -y 21(T)Yn, 22(2))

with y? —y2 —--- — y2 =1 (cf. Theorem 4.2);
ifu = 0, then up to rigid motions of CH™ (4c), ¥ is locally given by m o

where

x. 1 ¢ i - [* 2k(t)ar
Y= elotmthids {2 g SN2 / (ip+k)e  Jo dz |,
v —C 2 ]; J 0

n 1 r .
(i(0) — k(0)) %Zug + < / G+ ke Jo 2O%ge | wp Ly
i=2 0



Vol. 99, 1997 LEGENDRE CURVES AND LAGRANGIAN SUBMANIFOLDS 101

Proof: Statement (i) can be proved exactly in the same way as Statement (i) of
Theorem 8.1.

For Statement (ii), first we observe that under the same notations as section
7, we have Lemmas 7.2 and 7.3 as well. This implies that M is foliated by real-
space-forms N™~!(u(x)) of constant sectional curvature u(z) = c+ p?(z) + k%(x)
where k = TE;—“ We separate the proof of the remaining part of Statement (ii)
into three subcases.

CasE (ii-1): u(z) = ¢+ p2(z) + k%(x) = €3(x) > 0. This case can be proved
exactly in the same way as Statement (ii) of Theorem 8.1.

Cask (ii-2): u(r) = ¢ + p?(z) + k*(x) = —%(z) < 0. In this case, Lemma 7.3
and Hiepko’s result imply that M is locally a warped product I X s,y H n=1(-1).
By using Codazzi’s equation we may obtain as in the proof of Lemma 7.4 that
flz) = be @)= — 4 /€(x), where b is a positive number.

Let ¢: M — H¥"1(c) c C}*! be a horizontal lift of the Lagrangian immersion
¥: M — CH"(4c). Thus, by (9.1) and Gauss’ formula, we have

Ry L _ 0%
(9'5) w:cm = A wz - C"j)’ wz = 5:;, "/):cz = —3?’
(9.6) Vyts = (ip+ k)Y,
(9.7) VyVz = (Y, Z) {(ip}v: — c¥} + Vv Z,

where Y, Z are vector fields tangent to the second component S™~!(1) of the
warped product and Vy Z is the tangential component of VyZ.
We choose coordinates on I X fz) H™1(—1) with

(9.8) g = de?+ f%(z){dy® +sinh? y(du2 + cos? uzdu? +- - ‘+n1:[1 cos® ugdu_,)},
k=3
for y > 0. From (9.8) we have
Tplmo vah el v, 0 il scien
09) V%—é(?zcothy%, 6V33_j5§;=—tanujaiw, 3< <k,
v%a_y - _bzkezkadm%,

0 2,2 [kdz 02, O . 9
VB‘%a—u;; = —bke J sinh ya—smhycoshy&;,
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a
Vs —-= —smh2 b2ke? [ kda cos® up— + cos?u
r’-auJ { E ‘a Z ‘8y
-1 j—1
_Z (smukcosuk H cos u,) 33 } j>A4
k=3 t=k+1 Uk

By Lemma 7.2, Lemma 7.5 and (9.5) we have

'w(I, U2s-ee s uﬂ) = A(y) Ug, ..., Un)efoz(k'*'i“)d’

(910) + B(y’US, SN ,Un)ej:(k-H#)d: /x (ef:{i,\(t)—-2iu(t)—2k(t)}dt) dI,
0

for some C"*1-valued vector functions 4 and B. From (9.6) and (9.10), we know
that B is a constant vector in C**!,
By applying (9.10) and (9.7) with Y = Z = 8/8y, we obtain

¥ = (c1(us, ... ,un)coshy + Aa(us, ... ,u,) sinhy)efo‘("““)dz

(9.11) .
b2 (ip - k)Befo (:A—:;H—k)dz’

where ¢, A2 and B are orthogonal with |¢;| = |Ag|. Then, by applying (9.11)
and (9.7) with Y = 8/0y, Z = 8/0u;,j = 3,... ,n, we conclude that ¢, is also a
constant vector. Furthermore, by applying (9.11) and (9.7) with Y = Z = 3/dus,
we obtain

(9.12) Ag = colug, ... ,un)sinug + Asfug, ..., un) cos ug.

Thus, we have

(9.1) ¥ = (cy cosh y + ¢o sinh y sin uz + Az sinh y cos u3)efo=(i“+k)dz
' — B (ip— k)Bej:(ia\—ip-f-k)dz,

where ¢y, co, B are constant vectors and, moreover, ¢;, ¢z, A3, B are orthogonal.
Again, by applying (9.7) with Y = 8/8u3 and Z = 8/3u;, j > 3, we know
that cq is a constant vector. Continue such processes n — 1 times, we obtain
¥ = (ey coshuz + sinhug(ca sinuz + c3cosuzsinug + - -

(9.14) .. oo
4 € COSUZ - - - COS u,,_l))efo (tk)dz _ 205, _ k)Befo (D—ip+h)dz

where ¢;,...,¢,, B are constant vectors. Therefore, by choosing a suitable
complex coordinate system on C}+! we obtain (9.2) associated with a suitable
unit speed Legendre curve z(z) = (21(z), 22(z)) in H3(c).
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CasE (ii-3): u(z) = c+u?(z)+k%(z) = 0. In this case, Lemma 7.3 and Hiepko’s
result imply that M is locally a warped product I x ¢(;) E™1 with

(9.15) g = dz* + f2(z){du? + dul + - - - + du?}.

By using Codazzi’s equation we may obtain as in the proof of Lemma 7.4 that

= 1
=b f k(z)dz =—,
£(z) = bels i
where b is a positive number. Without loss of generality, we may choose b =1

and so we have
f(r) — Cf: k(t)dt.

Let ¥: M — H¥"*(c) C C?*! be a horizontal lift of the Lagrangian immersion
¥: M — CH"™(4c). Thus, by (9.1) and Gauss’ formula, we have

Y oy 8%y
(916) w:rz =M w: - Cl/), wz: - 5;; w:: - W’
(9.17) Ve, = (ip+ k)u,,

(9.18)  Yu,u, = 6022 (i — kyy, — ¥}, jk=2,...,n.
By Lemma 7.2, Lemma 7.5 and (9.16) we have

Y(z,ug, ... ,un) = A(ua,... ,u,,)efoa("“")dz

(9.19) + Blug, ... ,up)els tHin / : (efo’{ix(z)-zm(e)—zk(o}d') dz,
0

for some C**!-valued vector functions A and B. From (9.17) and (9.19), we
know that B is a constant vector.
By applying (9.19) and (9.18), we may obtain

84

o = 6 (i~ K)Be OB kg o,
5 k

(9.20)

On the other hand, y' = k() — 2u) and ¢ + p? + k2 = 0 imply that
(ip — k)’ IS (A -2u)d=

is a constant which is denoted by a. Thus (9.20) yields

0A

.21 —
(9 ) 3u,~8uk

= 6jkbzaB, i,k= 2,...,n.
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Hence, A takes the following form:

(9.22) Aluz,.. un) =7+ Y_(ciu; + Bju?),
j=2

for some constant vectors v, ¢;, 8;. Combining (9.19) and (9.22) we obtain

(923) Y= ef(ill+k)d2 (’)’+ Z(c}_u}_ + Bju2)> + E(I),
Jj=2
where
(9.24) E(z) = Bef:(i#+k)dz/ ef:(i,\—ip+k)d¢dx'
0

By applying (9.18), (9.23) and ¢ + u? + k% = 0, we obtain

2 . x,.
(9.25) E'(x) ~ (in+ K)E(2) = 2% ip+ K)ele w0,
for j =2,...,n. Hence f = -~ = f,. We put § = 2;/ch*. Then, by solving

(9.25), we obtain
(9.26) E(z) = eJ inthid= (ﬂ / (i + k)e~2Jo KOdtgy | e) ,
0

where € is a constant vector. By combining (9.24) and (9.27) we have

j=2

x . n 2 n T z
j=2 0

for some constant vectors 7, c;, 3.
We choose the initial conditions at the origin 0 € C}*! such that

¥(0) = (1/V=¢,0,...,0),
¥=(0) = (0,1,0,...,0),%,,(0) = (0,0,1,...,0),...,%, (0) = (0,...,0,1).

Then we obtain (9.4) which completes the proof of Theorem 9.1. |
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Remark 9.2: The Lagrangian H-umbilical submanifolds defined by (9.4) in
Statement (ii-3) of Theorem 9.1 are neither in the form of (9.2) nor in the form
of (9.3), in general. For example, if we choose ¢ = —1 and p(z) = sinz. Then

k=cosx,A=1+2sinz,g = dz? + " %(dul + - - - + du?).

So, by applying (9.4) we obtain

Yz, ug,y ... yun) = e 11 +Z -2—1

(9.27)

no,2 z
_ 6_2 sin I+wd.’t,

j=2 0

n y2 z . .
- > + / e—2sm$+md{l),’u,2, v Un |,
=2 0

which is neither in the form of (9.2) nor in the form of (9.3).

10. Lagrangian H-umbilical surfaces in CH?

Assume M is a Lagrangian H-umbilical surface in CH? with

(10.1)

h(e1,e1) = AJe1, h(e1,e2) = pJey, h{es,e2) = pJey,

for some functions A, u with respect to some orthonormal local frame fields.

Put

THEOREM 10.1:

(i)

(ii-1)

(10.2)

For each constant é, there exists a non-totally geodesic Lagrangian H-
umbilical isometric immersion ¢: M (¢) — CH?(4c) of a surface M(¢) of
constant curvature ¢ into CH?(4c) such that the integral curves of JH
are geodesics in M(¢).

Let ¢: M — CH?(4c) be a Lagrangian H-umbilical isometric immer-
sion of a surface into CH?(4c) satisfying (10.1). If M contains no open
subsets of constant sectional curvature > ¢ and if integral curves of JH
are geodesics in M, then

ifu(z) = ¢+ p(z) + k*(x) > 0, there exists a unit speed Legendre curve
z = (21,22): I - H}(c) C C? such that up to rigid motions of CH? (4c),

¢ is locally given by = o 1) where

¥(x,y) = (21(z), 22() cosy, z2(z) siny);
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(ii-2) if u = ¢+ u® + k% < 0, then there exists a unit speed Legendre curve
z=(21,22): I = H}(c) C C? such that up to rigid motions of CH?(4c),
v is locally given by 7 o where

(10.3) ¥(z,y) = (21(x) coshy, 21 () sinhy, z3(z));
(ii-3) ifu = c + u? + k? = 0, then up to rigid motions of CH?(4c), ¥ is locally
given by 7 o ¢ where

; 1 cy? z . — [ 2k(t)de
P(z,y) = fo("+k)d’:<—(l———/ in+k)e do dz |,
( — 2, (in + k)

-C

(10.4) \

(ip(0) — k(0)) <%+% / G+ ke Jo 2“""“@) )

Proof: We divide the proof of Statement (i) into two cases.

CasE (i-1): é>c. (6.2-1), (6.2-2) and (6.2-3) give the Lagrangian H-umbilical
isometric immersion of M (¢) into CH?(4c) such that integral curves of JH are

geodesics.

CAsE (i-2): é <c. Put é = —6%. Let M be the warped product surface M =
R X }.s- R Then M is of constant curvature é<0. Put

a a
10.5 =—, = be%°
( ) €1 oz €2 ay
Then e;, e; form an orthonormal frame field such that wl = —bw?.

Consider the following first order ordinary differential equation

26(A\? + 4c + 462%)

(10.6) V@)=~ T

Choose an initial condition A(0) = Ag with A9 > 0. Since ¢ > 0, (10.5) together
with the initial condition has a unique solution A = A(z) on an open neighbor-
hood, say I, of 0. By using the solution A, we define a function y by

(10.7) w(z) = %(A + VT + 40+ 489).

We define a symmetric bilinear form o on M(é) by

(10.8) a(er,e1) = de1l, ofer,ez) = pea, o(ea, e2) = pe;.
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(10.5)—(10.8) implies that M () together with o satisfies the three conditions
given in Theorem A. Therefore, there exists a Lagrangian H-umbilical isometric
immersion £: M (é) — CH?(4c) with h = Jo as its second fundamental form. It
is easy to verify that the integral curves of JH are geodesics.

Statement (ii) can be proved as Statement (ii) of Theorem 9.1 with minor

modifications. |

Remark 10.2: As Theorem 8.1, the assumption on the integral curves of JH
made in statement (ii) of Theorem 10.1 cannot be omitted.
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